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EXTENSION GROUPS BETWEEN ATOMS IN ABELIAN CATEGORIES
RYO KANDA
Abstract. We introduce the extension groups between atoms in an abelian category. For
a locally noetherian Grothendieck category, the localizing subcategories closed under injective
envelopes are characterized in terms of those extension groups. We also introduce the virtual dual
of the extension groups between atoms to measure the global dimension of the category. A new
topological property of atom spectra is revealed and it is used to relate the projective dimensions
of atoms with the Krull-Gabriel dimensions. As a byproduct of the topological observation, we
show that there exists a spectral space that is not homeomorphic to the atom spectrum of any
abelian category.
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1. Introduction
Classification of subcategories are one of the important problems and has been widely studied
in several areas of mathematics. In the context of representation theory of rings, the prototypical
result was established by Gabriel:
Theorem 1.1 (Gabriel [Gab62, Corollary 1 in p. 425]). Let R be a commutative noetherian ring.
Then there is an order preserving bijection
{ localizing subcategories of ModR } ∼−→ { specialization-closed subsets of SpecR }.
This result has been generalized in various ways; see [Nee92, Tho97, Tak08, Tak10] and [Gab62,
Proposition 4 in p. 446], for example. Among those generalizations, Herzog [Her97] and Krause
[Kra97] showed for a locally coherent Grothendieck category that there is an order-preserving
bijection between the localizing subcategories of finite type and the open subsets of the Ziegler
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spectrum. The Ziegler spectrum is a topological space whose points are the isomorphism classes of
indecomposable injective objects. Their results in particular imply the classification of all localizing
subcategories for a locally noetherian Grothendieck category, which can be applied to the category
of right modules over a right noetherian ring. On the other hand, the author observed that the
Serre subcategories of a noetherian abelian category is classified in terms of the atom spectrum.
The atom spectrum ASpecA of an abelian category A is a topological space whose points, called
atoms, are the equivalence classes of monoform objects, and its topology is called the localizing
topology. The definition of atoms is based on work of Storrer [Sto72]. The atom spectrum is
homeomorphic the Ziegler spectrum for a locally noetherian Grothendieck category, but it is still
valid for a noetherian abelian category such as the category of finitely generated right modules
over a right noetherian ring, and it allows us to show the aforementioned result.
Gabriel also showed a remarkable property of the category of modules over a commutative
noetherian ring:
Theorem 1.2 (Gabriel [Gab62, Proposition 10 in p. 428]). Let R be a commutative noetherian
ring. Then every localizing subcategory of ModR is closed under injective envelopes.
For a locally noetherian Grothendieck category, localizing subcategories are not necessarily
closed under injective envelopes. This means that Theorem 1.2 uses some property that is specific
to ModR and it is natural to ask when localizing subcategories are closed under injective envelopes
in general.
As mentioned above, the localizing subcategories of a locally noetherian Grothendieck category
are in bijection with the (Ziegler or atom) spectrum. So one of the problems we should consider is:
Characterize the localizing subcategories closed under injective envelopes in terms of the spectrum.
Papp considered this problem and gave several characterization ([Pap75, Pap76, Pap77]), but in
this paper we take a different approach from those.
Our solution to this problem is given in terms of the extension groups between atoms. Atoms in
an abelian category A can be regarded as pro-objects in A (see Remark 4.4) and we can define the
extension groups ExtiA(α, β) for atoms α, β ∈ ASpecA in a natural way. One of our main results
is the following:
Theorem 1.3 (Theorem 7.2). Let G be a locally noetherian Grothendieck category. Then there is
an order-preserving bijective correspondence between
• localizing subcategories of G that are closed under injective envelopes, and
• open subsets Φ of ASpec G with Ext1A(α, β) = 0 for all α ∈ ASpecA \ Φ and β ∈ Φ.
Theorem 1.3 is one of the consequences of general observation for ExtiA(α, β) for arbitrary
integers i ≥ 0. Since the extension groups between atoms are difficult to control due to its
definition involving inverse limit, we also study a variant of them, we call the virtual dual of the
extension groups and denoted by DαExt
i
G(α, β). Indeed, we can determine the global dimension
only using those virtual duals:
Theorem 1.4 (Corollary 4.7). Let G be a locally noetherian Grothendieck category. Then
gl.dimG = sup{ i ≥ 0 | DαExt
i
G(α, β) 6= 0 for some α, β ∈ ASpecG }.
The extension groups ExtiA(α,N) between an atom α and an object N have already been
introduced in [Kan15b]. There we gave a description of those for noetherian algebras. We will
obtain a similar description for extension groups between atoms:
Theorem 1.5 (Theorem 8.6). Let Λ be a noetherian R-algebra. Let i ≥ 0 be an integer and
P,Q ∈ SpecΛ. Then
ExtiΛ(P˜ , Q˜)
∼=
{
ExtiΛp(S(P ), S(Q)) if P ∩R = Q ∩R =: p,
0 otherwise,
where S(P ) is the simple right Λp-module corresponding to P .
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The inverse systems that define the extension groups between atoms are often eventually con-
stant, and in that case, we do not have to take the inverse limit. Indeed, in the setting of The-
orem 1.5, the inverse systems are eventually constant when P ∩ R = Q ∩ R. We will seek such
nice cases for a locally noetherian Grothendieck category. We define the projective dimension
proj.dimα of an atom α in terms of vanishing of extension groups ExtiA(α,−), and define its vari-
ant c.proj.dimα to be the infimum of the integers i such that the inverse limit defining ExtiA(α, β)
is eventually constant and nonzero. We will show that the difference of these two invariants of an
atom is bounded by the Krull-Gabriel dimension of the category:
Theorem 1.6 (Theorem 6.9). Let G be a locally noetherian Grothendieck category. For every
α ∈ ASpecG, we have
proj.dimα ≤ c.proj.dimα+KGdimG.
The Krull-Gabriel dimension of a locally noetherian Grothendieck category is determined by
the topology of the atom spectrum. In order to prove Theorem 1.6, we will show a new topological
property of the atom spectrum an abelian category. This also allows us to make an interesting
observation.
Hochster [Hoc69, Theorem 6] showed that a topological space is homeomorphic to SpecR,
equipped with the Zariski topology, for a commutative ring R if and only if the topological space
is spectral (see Definition 5.6). The topologies on atom spectra considered in this paper are not a
generalization of Zariski topology. However, for a commutative noetherian ring R, the localizing
topology on the atom spectrum of ModR is the Hochster dual of the Zariski topology, which
implies that the atom spectrum is also a spectral space. Although this is not necessarily true for
a commutative ring in general, one would expect some connection between the topological spaces
arising as atom spectra and spectral spaces. An abelian category is a massive generalization of the
category of modules over a commutative ring, so a natural question would be: Is every spectral
space homeomorphic to the atom spectrum of some abelian category? Our topological observation
implies that the answer is no:
Theorem 1.7 (Example 5.7). There exists a spectral space that is not homeomorphic to the atom
spectrum of any abelian category equipped with the localizing topology.
Acknowledgements. The author is grateful to Hiroyuki Minamoto for stimulating discussion.
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2. Preliminaries
Convention 2.1.
(1) We fix a Grothendieck universe throughout the paper. A set is said to be small if it belongs
to the fixed universe. For a category, the collection of objects and that of morphisms are
sets, which are not necessarily small. Every Hom-set between two objects is supposed
to be small. Every set arising as an index set of a colimit, a limit, or a generating set
(see Definition 2.2 (1)) should be in bijection with a small set. All rings and modules are
assumed to be small.
(2) Coproducts and products in an abelian category are called direct sums and direct products,
respectively. A direct limit means a colimit of a direct system indexed by a directed set.
An inverse limit means a limit of an inverse system indexed by a directed set. A directed
(or inverse) system indexed by a direct set I is often written as {Mi}i∈I by omitting the
structure morphisms.
For a ring Λ, denote by ModΛ the category of right Λ-modules. If Λ is right noetherian, then
denote by modΛ the category of finitely generated right Λ-modules.
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2.1. Noetherian abelian categories. First we recall the definitions of a generating set and a
Grothendieck category:
Definition 2.2.
(1) Let A be an abelian category. A generating set in A is a set of objects {Ui}i∈I in A, where
I is in bijection with a small set, such that for every nonzero morphism f : X → Y in A,
there exist i ∈ I and a morphism g : Ui → X satisfying fg 6= 0.
A cogenerating set is a generating set in the opposite category.
(2) A Grothendieck category is an abelian category G satisfying the following properties:
• G admits direct sums (and hence all colimits).
• Direct limits are exact in G.
• G admits a generating set.
It is known that every Grothendieck category G admits all limits and every object in G has its
injective envelope.
In most of the main results in this paper, we assume that a given abelian category satisfies a
noetherian property. The noetherian property is one of the following two properties, depending on
whether the abelian category is Grothendieck or skeletally small:
Definition 2.3.
(1) A Grothendieck category G is called locally noetherian if it admits a generating set con-
sisting of noetherian objects.
(2) An abelian category A is called noetherian if all objects in A are noetherian and A is
skeletally small, that is, the set of isomorphism classes in A is in bijection with a small set.
The category ModΛ for a right noetherian ring is an example of a locally noetherian
Grothendieck category, and its full subcategory modΛ, which consists of all noetherian objects
is a noetherian abelian category. The correspondence between these two categories is generalized
as follows:
Theorem 2.4 ([Gab62, Theorem 1 in p. 356]). There is a bijective correspondence between
• equivalence classes of locally noetherian Grothendieck categories and
• equivalence classes of noetherian abelian categories
Each locally noetherian Grothendieck category G corresponds to its full subcategory
noethG := { noetherian objects in G }.
Now we want to show Proposition 2.7, which allows us to compute the global dimension of a
locally noetherian Grothendieck category only using extension groups between noetherian objects.
The proof uses the next two results.
Proposition 2.5. Let G be a locally noetherian Grothendieck category. Let i ≥ 0 be an integer
and M,N ∈ G. If ExtiG(M,N) 6= 0, then there exists a noetherian subquotient M
′ of M such that
ExtiG(M
′, N) 6= 0.
Proof. Although the proof is similar to that for Baer’s criterion (see [Wei94, 2.3.1]), we give a
complete proof for the convenience of the reader.
Assume i = 0. Since G is locally noetherian, the object M is the direct limit of its noetherian
subobjects: M = lim
−→i∈I
Mi. Thus the claim follows from
HomG(lim−→
i∈I
Mi, N) ∼= lim←−
i∈I
HomG(Mi, N).
If i ≥ 2, then we take a short exact sequence
0→ N → J → N ′ → 0,
where J is an injective object. Then it induces an isomorphism
Exti−1G (M,N
′) ∼−→ ExtiG(M,N).
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Repeating this, the problem is reduced to the case i = 1.
Let i = 1. By Ext1G(M,N) 6= 0, there exists a short exact sequence
0→ N → E →M → 0
that does not split. In other words, by regarding N as a subobject of E, the identity morphism
N → N cannot be extended to a morphism E → N .
Let E be the set of pairs (E′, f), where E′ ⊂ E is a subobject containing N and f : E′ → N is
a morphism whose restriction to N is the identity. We define a partial order on E by
(E′1, f1) ≤ (E
′
2, f2) ⇐⇒ E
′
1 ⊂ E
′
2 and f2|E′1 = f1.
For every totally ordered subset {(E′i, fi)}i∈I ⊂ E , the direct limit
lim
−→
i∈I
fi : lim−→
i∈I
E′i → N
gives its upper bound in E . Thus, by Zorn’s lemma, E has a maximal element (E′0, f0).
Since f0 is an extension of the identity on N , we have E
′
0 ( E. Let E
′/E′0 be a nonzero
noetherian subobject of E/E′0. If Ext
1
G(E
′/E′0, N) = 0, then the exact sequence
HomG(E
′, N)→ HomG(E
′
0, N)→ Ext
1
G(E
′/E′0, N) = 0
implies that f0 : E
′
0 → N can be extended to E
′ → N . This contradicts the maximality of (E′0, f0).
Therefore Ext1G(E
′/E′0, N) 6= 0. Since N ⊂ E
′
0 ⊂ E
′ ⊂ E and E/N ∼=M , the object M ′ := E′/E′0
is a subquotient of M . 
Proposition 2.6. Let G be a locally noetherian Grothendieck category. Let i ≥ 0 be an integer
and M ∈ G a noetherian object. Then the functor
ExtiG(M,−) : G → ModZ
commutes with direct limits.
Proof. This follows from [KS06, Proposition 15.3.3]. Indeed, HomG(M,−) is a left exact functor
that commutes with direct limits. The full subcategory of G consisting of all injective objects is
a HomG(M,−)-injective additive subcategory by [KS06, Corollary 13.3.8], and it is closed under
direct limits since G is locally noetherian (see [Pop73, Theorem 5.8.7]). Thus [KS06, Proposi-
tion 15.3.3] is applicable. 
For an abelian category A, its global dimension is
gl.dimA := sup{ i ≥ 0 | ExtiA(M,N) 6= 0 for some M,N ∈ A}.
Let gl.dimA := −1 if A is zero.
The injective dimension of an object N ∈ A is defined to be
inj.dimN := sup{ i ≥ 0 | ExtiA(M,N) 6= 0 for some M ∈ A}.
Let inj.dimN := −1 if N = 0.
Proposition 2.7. Let G be a locally noetherian Grothendieck category. Then
gl.dimG = gl.dim(noethG).
Proof. This follows from Propositions 2.5 and 2.6. 
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2.2. Atom spectrum. The atom spectrum of an abelian category is the main object to study in
this paper. We recall its definition and some basic properties. For further results on atom spectra,
see [Kan17], for example.
Definition 2.8. Let A be an abelian category.
(1) A monoform object in A is a nonzero objectH ∈ A that has no subobjects 0 6= L′ ( L ⊂ H
and 0 6= N ⊂ H such that L/L′ ∼= N .
(2) We say that two monoform objects H1 and H2 are atom-equivalent if there exist nonzero
subobjects L1 ⊂ H1 and L2 ⊂ H2 such that L1 ∼= L2.
(3) The atom spectrum of A is defined to be
ASpecA :=
{monoform objects in A}
atom-equivalence
.
An element of ASpecA is called an atom inA. For each monoform objectH , its equivalence
class is denoted by H .
Remark 2.9. Let A be an abelian category.
(1) A nonzero object U ∈ A is called uniform if any subobjects L1 and L2 of U have nonzero
intersection in U . Every monoform object is uniform ([Kan12, Proposition 2.6]). This
implies that the atom-equivalence is an equivalence relation between monoform objects
([Kan12, Proposition 2.8]).
(2) Every nonzero subobject of a monoform (resp. uniform) object is again monoform (resp.
uniform) ([Kan12, Proposition 2.2]).
(3) The atom spectrum of A is in bijection with a small set if A admits a generating set
(which is indexed by a small set; the proof of [Kan15c, Proposition 2.7 (2)] using [Ste75,
Proposition IV.6.6] works also for a generating set). Later we will focus on Grothendieck
categories, for which these properties are satisfied.
(4) Every nonzero noetherian object in A has a monoform subobject ([Kan12, Theorem 2.9]).
Hence, if A admits a generating set consisting of noetherian objects, then every nonzero
object in A has a monoform subobject.
The atom spectrum of an abelian category can be regarded as a generalization of
• the set of prime ideals of a commutative ring (Remark 2.18),
• the underlying space of a locally noetherian scheme ([Kan15a, Theorem 7.6]),
• the set of isomorphism classes of simple right modules over a right artinian ring ([Kan12,
Proposition 8.2]), and
• the set of prime two-sided ideals of a noetherian algebra (Proposition 8.1).
The next definition gives a generalized notion of associated points and supports:
Definition 2.10. Let A be an abelian category and let M ∈ A be an object.
(1) The set of associated atoms of M is defined to be
AAssM := {H ∈ ASpecA | H is a monoform subobject of M }.
(2) The atom support of M is defined to be
ASuppM := {H ∈ ASpecA | H is a monoform subquotient of M }.
Remark 2.11. Associated atoms and atom supports are compatible with short exact sequences,
direct unions, and direct sums, in the way that associated primes and supports of modules over
commutative rings are ([Kan17, Proposition 2.6]). For example, if 0 → L → M → N → 0 is a
short exact sequence in an abelian category A, then we have
AAssL ⊂ AAssM ⊂ AAssL ∪AAssN
and
ASuppM = ASuppL ∪ASuppN.
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Definition 2.12. Let G be a Grothendieck category and let α = H ∈ ASpecG. Define the
isomorphism class of injective envelope E(α) of α to be the injective envelope E(H) of H .
Remark 2.13. We do not specify the representativeH in Definition 2.12, so the injective envelope
E(α) is defined up to non-canonical isomorphism. Indeed, for two monoform objects H and H ′
with α = H = H ′, their injective envelopes E(H) and E(H ′) are isomorphic to each other ([Kan12,
Lemma 5.8]), but there is no canonical isomorphism. We have a monomorphism H →֒ E(H) ∼=
E(α), but we do not have a canonical embedding H →֒ E(α).
Remark 2.14. If G is a locally noetherian Grothendieck category, then the correspondence
α 7→ E(α) gives a bijection between ASpecG and the set ZgG of isomorphism classes of inde-
composable injective objects in G ([Kan12, Theorem 5.9]). The set ZgG together with a certain
topology is called the Ziegler spectrum of G (see [Her97, Theorem 3.4] or [Kra97, Lemma 4.1] for a
locally coherent Grothendieck category, [Kan12, Definition 5.7] for the special case of a locally noe-
therian Grothendieck category). The bijection is in fact a homeomorphism for a locally noetherian
Grothendieck category ([Kan12, Theorem 5.9]).
When we consider extension groups between atoms, it is more suitable to use atoms rather than
indecomposable injective objects. Indeed, atoms will be regarded as pro-objects in Remark 4.4,
and if an atom is represented by a simple object, then the atom is isomorphic to the simple object
as a pro-object (Remark 4.5), but not to the corresponding indecomposable injective object, in
general. Moreover, we can state our results also for a noetherian abelian category in terms of
atoms, without mentioning the corresponding locally noetherian Grothendieck category.
We always assume that the following topology and partial order are defined on atom spectra:
Definition 2.15. Let A be an abelian category.
(1) There is a topology on ASpecA such that
{ASuppM |M ∈ A}
is an open basis. We call it the localizing topology.
(2) Define a binary relation ≤ on ASpecA, which is called the specialization order, by
α ≤ β if and only if α ∈ {β},
where {β} is the closure of the singleton {β} with respect to the localizing topology.
Remark 2.16. Let A be an abelian category.
(1) A subset Φ ⊂ ASpecA is open if and only if every α ∈ Φ admits a monoform object H ∈ A
such that H = α and ASuppH ⊂ Φ ([Kan15c, Definition 3.1 and Proposition 3.2]).
(2) The atom spectrum ASpecA is known to be a Kolmogorov space (also called a T0-space;
[Kan15c, Proposition 3.5]), that is, for any two distinct points α 6= β in ASpecA, there
exists an open subset Φ ⊂ ASpecA such that {α, β} ∩ Φ consists of exactly one point. In
other words, any two points are topologically distinguishable.
(3) For a topological space, the binary relation defined in the way of Definition 2.15 (2) is
called the specialization preorder, which is in general a partial preorder. Since ASpecA is
a Kolmogorov space, the relation ≤ is a partial order.
Contrary to the Ziegler spectrum, the atom spectrum is defined even for a noetherian abelian cat-
egory, and it is naturally identified with that of the corresponding locally noetherian Grothendieck
category in the sense of Theorem 2.4:
Proposition 2.17. Let G be a locally noetherian Grothendieck category. Then there is a homeo-
morphism
ASpec(noeth G) ∼−→ ASpec G
given by H 7→ H.
Proof. [Kan12, Proposition 5.3]. 
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Remark 2.18. The atom spectrum of an abelian category is a generalization of the prime spectrum
of a commutative ring. More precisely, the following assertions hold for every commutative ring R:
(1) ([Sto72, p. 631]) There is a bijection
SpecR ∼−→ ASpec(ModR)
given by p 7→ R/p.
(2) ([Kan15c, Proposition 2.13]) For every R-moduleM , the bijection in (1) induces bijections
AssRM ∼−→ AAssM and SuppRM
∼−→ ASuppM.
(3) ([Kan12, Proposition 7.2 (2)]) A subset Φ ⊂ ASpec(ModR) is open with respect to the lo-
calizing topology if and only if the inverse image of Φ by the bijection in (1) is specialization-
closed, that is, whenever it contains a prime ideal p ⊂ R, it also contains all prime ideals
larger than p.
(4) ([Kan15c, Proposition 4.3]) The bijection in (1) is an isomorphism of partially ordered sets:
(SpecR,⊂) ∼−→ (ASpec(ModR),≤).
2.3. Serre subcategories and localizing subcategories. We recall the definitions of a Serre
subcategory and a localizing subcategory and state some fundamental results including the relation
to atom spectra.
Definition 2.19.
(1) Let A be an abelian category. A full subcategory S of A is called a Serre subcategory if
it is closed under subobjects, quotient objects, and extensions, or equivalently: for every
short exact sequence
0→ L→M → N → 0
in A, the object M belongs to S if and only if both L and N belong to S.
(2) Let G be a Grothendieck category. A Serre subcategory X of G is called a localizing
subcategory if it is moreover closed under direct sums.
Remark 2.20. We summarize some facts on quotient categories here. See [Gab62, Chapter III]
or [Pop73, section 4] for more details.
If S is a Serre subcategory of an abelian category A, we can form the abelian category A/S
called the quotient category together with a canonical functor F : A → A/S, which is dense and
exact. An object in A is sent to zero by F if and only if it belongs to S. For every object M ∈ A
and every subobject L′ ⊂ F (M), there exists a subobject L ⊂ M such that F (L) = L′ as a
subobject of F (M) ([Gab62, Corollary 1 in p. 368]).
S is called a localizing subcategory if the canonical functor A → A/S admits a right adjoint.
This definition agrees with Definition 2.19 (2) when A is a Grothendieck category ([Pop73, Propo-
sition 4.6.3]). If A is a Grothendieck category and S ⊂ A is a localizing subcategory, then A/S is
again a Grothendieck category ([Gab62, Proposition 9 in p. 378]).
Proposition 2.21. Let G be a locally noetherian Grothendieck category.
(1) There is an order-preserving bijection
{ localizing subcategories of G } ∼−→ { Serre subcategories of noethG }
given by X 7→ X ∩ noeth G. The inverse map sends each Serre subcategory S ⊂ noeth G to
the smallest localizing subcategory of G containing S.
(2) Let X be a localizing subcategory of G. Then G/X is a locally noetherian Grothendieck
category, and the inclusion noeth G →֒ G induces an equivalence
noeth G
X ∩ noeth G
∼−→ noeth
G
X
.
Proof. (1) [Gab62, Proposition 10 in p. 379].
(2) This is a special case of [Kra97, Theorem 2.6]. 
EXTENSION GROUPS BETWEEN ATOMS IN ABELIAN CATEGORIES 9
The following operations relate subcategories of a given abelian category and subsets of its atom
spectrum:
Definition 2.22. Let A be an abelian category.
(1) For a Serre subcategory S ⊂ A, define the open subset ASuppS ⊂ ASpecA by
ASuppS :=
⋃
M∈S
ASuppM.
(2) For an open subset Φ ⊂ ASpecA, define the Serre subcategory ASupp−1 Φ ⊂ A by
ASupp−1 Φ := {M ∈ A | ASuppM ⊂ Φ }.
Theorem 2.23 (Herzog [Her97, Theorem 3.8], Krause [Kra97, Corollary 4.3], and Kanda [Kan12,
Theorem 5.5]).
(1) Let G be a locally noetherian Grothendieck category. Then there is an order-preserving
bijection
{ localizing subcategories of G } ∼−→ { open subsets of ASpecG }
given by X 7→ ASuppX whose inverse map is Φ 7→ ASupp−1 Φ.
(2) Let A be a noetherian abelian category. Then there is an order-preserving bijection
{Serre subcategories of A} ∼−→ { open subsets of ASpecA}
given by S 7→ ASuppS whose inverse map Φ 7→ ASupp−1 Φ.
Remark 2.24. If G is a locally noetherian Grothendieck category and A = noethG, then we have
the commutative diagram
{ localizing subcategories of G } {Serre subcategories of A}
{ open subsets of ASpec G } { open subsets of ASpecA},
≀
∼
≀
∼
where the bottom horizontal bijection is induced from the homeomorphism ASpecA ∼−→ ASpec G
in Proposition 2.17.
Atom spectra are compatible with taking quotient categories:
Theorem 2.25.
(1) Let G be a Grothendieck category and let X ⊂ G be a localizing subcategory. Then there is
a homeomorphism
ASpec G \ASuppX ∼−→ ASpec
G
X
given by H 7→ F (H), where F : G → G/X is the canonical functor.
(2) Let A be a noetherian abelian category and let S ⊂ A be a Serre subcategory. Then there
is a homeomorphism
ASpecA \ASuppS ∼−→ ASpec
A
S
given by H 7→ F (H), where F : A → A/S is the canonical functor.
Proof. (1) [Kan15c, Theorem 5.17].
(2) This is a combination of (1), Remark 2.24, and Proposition 2.21 (2). 
Remark 2.26. The noetherian assumption in Theorem 2.25 (2) cannot be dropped.
To see this, consider the category ModZ k[x] of Z-graded k[x]-modules whose morphisms are
degree-preserving homomorphisms, where k is a field and k[x] is graded as deg x = 1. Denote
by modZ k[x] its full subcategory consisting of all finitely generated modules. Since ModZ k[x] is
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a locally noetherian Grothendieck category and noeth(ModZ k[x]) = modZ k[x], Proposition 2.17
implies
ASpec(ModZ k[x]) \ASupp(modZ k[x]) = ∅.
Recall that the Matlis dual of a Z-graded k[x]-module M =
⊕
i∈ZMi is defined to be
M∨ :=
⊕
i∈Z
Homk(M−i, k) ∈ Mod
Z k[x].
Let I := k[x]∨ ∈ ModZ k[x]. Since I /∈ modZ k[x] and all proper subobjects of I belong to
modZ k[x], by Remark 2.20, the module I is sent to a simple object by the canonical functor
ModZ k[x]→ ModZ k[x]/modZ k[x]. Since the simple object is monoform, we obtain
ASpec
ModZ k[x]
modZ k[x]
6= ∅.
Thus Theorem 2.25 (2) does not apply to the abelian category A := ModZ k[x] and its Serre
subcategory S := modZ k[x].
2.4. Krull-Gabriel dimension. We recall the definition of the Krull-Gabriel dimensions of
Grothendieck categories and their objects, which generalizes the Krull dimension of a commutative
noetherian ring (see Proposition 2.35). We also define the Krull-Gabriel dimensions of atoms in a
natural way.
Definition 2.27 ([Gab62, Chapter IV.1]). Let G be a Grothendieck category.
(1) For ordinal numbers λ and λ = −1, we define the localizing subcategories Gλ ⊂ G induc-
tively as follows:
• G−1 consists of all zero objects in G.
• Gλ+1 is the smallest localizing subcategory of G containing all objects M ∈ G that are
sent to objects of finite length by the canonical functor G → G/Gλ.
• For a limit ordinal λ, Gλ is the smallest localizing subcategory of G containing Gµ for
all µ < λ.
(2) For an object M ∈ G, its Krull-Gabriel dimension is defined to be
KGdimM := inf{λ |M ∈ Gλ }.
(3) The Krull-Gabriel dimension of G is defined to be
KGdimG := inf{λ | Gλ = G }.
If the set in the definition of (2) (resp. (3)) is empty, then we say that the Krull-Gabriel dimension
of M (resp. G) does not exist.
Remark 2.28. It is known that the Krull-Gabriel dimension exists for every locally noetherian
Grothendieck category ([Gab62, Proposition 7 in p. 387]).
Remark 2.29. We can define the Krull-Gabriel dimension of a noetherian abelian category A
analogously. For ordinal numbers λ and λ = −1, define the Serre subcategories Aλ ⊂ A inductively
as follows:
• A−1 consists of all zero objects in A.
• Aλ+1 is the Serre subcategory of A consisting of all objects M ∈ A that are sent to objects
of finite length by the canonical functor A → A/Aλ.
• For a limit ordinal λ, Aλ is the union of all Aµ with µ < λ.
We define the Krull-Gabriel dimension of an object M ∈ A to be
KGdimM := inf{λ |M ∈ Aλ }
and define the Krull-Gabriel dimension of A to be
KGdimA := inf{λ | Aλ = A}.
EXTENSION GROUPS BETWEEN ATOMS IN ABELIAN CATEGORIES 11
If G is a locally noetherian Grothendieck category satisfying noeth G = A, then Proposition 2.21
implies that Aλ = Gλ ∩ A for all ordinal numbers λ and λ = −1. Thus, for every object M ∈ A,
its Krull-Gabriel dimension defined in A is equal to that defined in G. We also have
KGdimA = KGdimG.
For a locally noetherian Grothendieck category, there is an order-preserving bijective correspon-
dence between the localizing subcategories and the open subsets of the atom spectrum (Theo-
rem 2.23). We will see that the Krull-Gabriel dimension can also be defined using the topological
structure of the atom spectrum (Proposition 2.33).
Definition 2.30. For a topological space X , define the open subspaces Xλ for ordinal numbers λ
and λ = −1 inductively as follows:
• X−1 = ∅.
• Xλ+1 = Xλ ∪ { open points of X \Xλ }, where an open point of X \ Xλ means a point
x ∈ X \Xλ such that {x} is an open subset of the topological space X \Xλ.
• For a limit ordinal λ, Xλ is the union of all Xµ with µ < λ.
Definition 2.31. Let A be a locally noetherian Grothendieck category or a noetherian abelian
category. The Krull-Gabriel dimension of α ∈ ASpecG is defined to be
KGdimα := inf{λ | α ∈ (ASpecA)λ }.
Proposition 2.32. Let A be a locally noetherian Grothendieck category or a noetherian abelian
category. For all ordinal numbers λ and λ = −1, we have
ASupp(Aλ) = {α ∈ ASpecA | KGdimα ≤ λ }.
Proof. Let A be a noetherian abelian category. We use induction on λ. Note that the right-hand
side of the equation is (ASpecA)λ.
If λ = −1, then the both sides of the equation are empty.
Let λ be an arbitrary ordinal number. By the induction hypothesis, the desired equation for
λ+ 1 follows once we prove
ASupp(Aλ+1) \ASupp(Aλ) = { open points of ASpecA \ASupp(Aλ) }.
Denote by F : A → A/Aλ the canonical functor.
Let α ∈ ASupp(Aλ+1) \ ASupp(Aλ). Then α = H for some monoform object H ∈ Aλ+1.
Since α /∈ ASuppAλ, Theorem 2.25 implies that F (H) is a monoform object. Since F (H) is of
finite length, the atom F (H) ∈ ASpec(A/Aλ) is represented by a simple subobject of F (H). By
[Kan15c, Proposition 3.7 (1)], F (H) is an open point of ASpec(A/Aλ). Again by Theorem 2.25,
α = H is an open point of ASpecA \ASuppAλ.
Conversely, let α = H ∈ ASpecA\ASuppAλ be an open point. Since F (H) ∈ ASpec(A/Aλ) is
an open point, it is represented by a simple object S, again by [Kan15c, Proposition 3.7 (1)]. Since
F (H) and S are atom-equivalent, we can regard S as a subobject of F (H). As in Remark 2.20,
there exists a subobject H ′ ⊂ H such that F (H ′) = S as a subobject of F (H). Since H ′ ∈ Aλ+1,
we have α = H ′ ∈ ASupp(Aλ+1) \ASuppAλ.
Assume that λ is a limit ordinal. Since Aλ ⊂ A is the smallest Serre subcategory containing
all Aµ with µ < λ, Theorem 2.23 implies that ASuppAλ ⊂ ASpecA is the smallest open subset
containing all ASuppAµ with µ < λ, which is⋃
µ<λ
ASuppAµ =
⋃
µ<λ
(ASpecA)µ = (ASpecA)λ
by the induction hypothesis.
Let G be a locally noetherian Grothendieck category and let A := noethG. Then ASupp(Gλ) is
homeomorphic to the subsets
ASupp(Gλ ∩A) = ASupp(Aλ) = (ASpecA)λ
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of ASpecA, and the last one is homeomorphic to (ASpec G)λ. Since the two homeomorphism are
both induced from the homeomorphism in Proposition 2.17, we obtain the equality ASupp(Gλ) =
(ASpecG)λ. 
Proposition 2.33. Let A be a locally noetherian Grothendieck category or a noetherian abelian
category.
(1) For every object M ∈ A,
KGdimM = sup{KGdimα | α ∈ ASuppM }.
(2) We have
KGdimA = sup{KGdimα | α ∈ ASpecA}.
Proof. This follows from Theorem 2.23 and Proposition 2.32. 
Remark 2.34. For a locally noetherian Grothendieck category G, the Krull-Gabriel dimension of
G is not necessarily equal to the dimension of the topological space ASpec G found in [Har77, p. 5],
which is defined to be supremum of the integers d such that there exists a chain Z0 ( · · · ( Zd of
irreducible closed subsets of the topological space.
We consider ModZ k[x] in Remark 2.26. It is essentially shown in [Pap02, Example 4.7] (see also
[Kan15c, Example 3.4]) that
ASpec(ModZ k[x]) = {k[x]} ∪ {S(i) | i ∈ Z },
where S := k[x]/(x) and the atoms appearing in the right-hand side are pairwise distinct. A subset
Φ ⊂ ASpec(ModZ k[x]) (with respect to the localizing topology) is open if and only if
• k[x] /∈ Φ, or
• k[x] ∈ Φ and there exists i0 ∈ Z such that S(i) ∈ Φ for all i ≤ i0.
Hence KGdimS(i) = 0 for all i ∈ Z and KGdim k[x] = 1. Consequently KGdim(ModZ k[x]) = 1.
On the other hand, every irreducible closed subsets of ASpec(ModZ k[x]) (with respect to
the localizing topology) consists of a single point. Thus the dimension of the topological space
ASpec(ModZ k[x]) in the sense of [Har77, p. 5] is zero.
Proposition 2.35. Let R be a commutative noetherian ring.
(1) KGdim(ModR) is equal to the Krull dimesion of R.
(2) For every R-module M , KGdimM is the Krull dimension of M .
(3) For every p ∈ SpecR, KGdimR/p is equal to the Krull dimension of R/p.
Proof. These follow from Remark 2.18. 
2.5. Pro-category. When we consider the extension groups between atoms, it is useful to regard
each atom as a pro-object, which is an object of the pro-category of the given abelian category.
Here we recall the definition of the pro-category and its basic properties, and show that Yoneda
products of extensions can be extended in terms of pro-objects (Proposition 2.40).
Definition 2.36. Let C be a category. Define the category Pro C, which is called the pro-category
of C, as follows:
(1) Objects of Pro C are inverse systems (whose index sets are in bijection with small sets) in
C.
(2) For inverse systems M = {Mi}i∈I and N = {Nj}j∈J in C, define
HomPro C(M,N ) := lim←−
j∈J
lim
−→
i∈I
HomC(Mi, Nj).
(3) The composition of morphisms in Pro C is induced from that in C.
Objects in Pro C are called pro-objects in C.
Remark 2.37.
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(1) The pro-category Pro C of a category C is the dual notion of the ind-category Ind C. Indeed,
we have
ProC = (Ind Cop)op
(see the paragraph before [KS06, Example 6.1.3]).
(2) In [KS06, Definition 6.1.1], a pro-object in C is defined to be a functor Cop → Setop that is
isomorphic to a filtered limit of representable functors, where Set is the category of small
sets. It is shown after [KS06, Proposition 6.1.9] that Hom-sets there can be written as
in Definition 2.36 (2). Since every small filtered category admits a cofinal functor from
a small directed set (see [AR94, Theorem 1.5]), there is a canonical equivalence from the
pro-category defined in Definition 2.36 to the one defined in [KS06, Definition 6.1.1].
Theorem 2.38. Let A be an abelian category.
(1) ProA is an abelian category and it admits limits. Inverse limits in ProA are exact.
(2) The canonical functor A → ProA, which sends each object M ∈ A to the inverse system
consisting of only M and each morphism to the induced one, is fully faithful and exact.
The essential image of the functor is closed under kernels, cokernels, and extensions.
(3) If A admits colimits, then ProA admits colimits and the canonical functor A → ProA
preserves colimits.
(4) If A is skeletally small, then ProA admits a cogenerating set, and hence it is a
coGrothendieck category, that is, (ProA)op is a Grothendieck category.
Proof. [KS06, Lemma 6.1.2, Corollary 6.1.17, Theorem 8.6.5, and Proposition 8.6.11]. 
Remark 2.39. We regard an abelian category A as a full subcategory of ProA via the fully
faithful functor in Theorem 2.38 (2). In Remark 4.4, we also regard atoms in A as objects in
ProA.
Proposition 2.40. Let A be an abelian category. Let d1, d2 ≥ 0 be integers. Then the Yoneda
products
Extd2A (M,N)× Ext
d1
A (L,M)→ Ext
d1+d2
A (L,N)
for L,M,N ∈ A induce a Z-bilinear map
lim
←−
k∈K
lim
−→
j∈J
Extd2A (Mj , Nk)× lim←−
j∈J
lim
−→
i∈I
Extd1A (Li,Mj)→ lim←−
k∈K
lim
−→
i∈I
Extd1+d2A (Li, Nk)
for {Li}i∈I , {Mj}j∈J , {Nk}k∈K ∈ ProA.
Proof. The pro-category of the bounded derived category Db(A) is a Z-linear category (see the
paragraph before [KS06, Proposition 8.6.2]). The desired map is the composition of morphisms in
ProDb(A). 
Remark 2.41. Let A be an abelian category. Then there is a canonical functor
J : Db(ProA)→ ProDb(A)
([KS06, Theorem 15.4.3]). However, this is not necessarily faithful. A counterexample is given
in [KS06, Exercise 15.2] in terms of ind-categories. There is an abelian category A that admits
M = {Mi}i∈I ,N = {Nj}j∈J ∈ IndA such that the map
HomDb(IndA)(M,N [1])→ HomInd Db(A)(J(M), J(N [1]))
given by the functor J is not injective. Indeed, the left-hand side is nonzero while the right-hand
side is zero. Note that the map can be written as
0 6= Ext1
Db(IndA)(M,N )→ lim←−
j∈J
lim
−→
i∈I
Ext1A(Mi, Nj) = 0.
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3. Chasing extensions
In this section, we prove Corollary 3.8, which is the first half part of the proof of Theorem 1.4 in
the introduction. For a given extension ξ ∈ ExtiA(M,N), where i ≥ 0 is an integer and M,N are
objects in an abelian category A, we replaceM by a smaller subquotient M ′ and find an extension
ξ′ ∈ ExtiA(M
′, N) that is related to ξ via canonical maps. Repeating this process, we finally obtain
an element of the naturally defined extension group ExtiA(α,N) for some α ∈ ASuppM , under
some noetherian assumption.
First we recall the definition of ExtiA(α,N) introduced in [Kan15b].
Remark 3.1. In order to define the extension groups between an atom and an object, we need to
fix a monoform object representing the given atom. In [Kan15b], we only worked on a Grothendieck
category and took E(α) as the representative of an atom α. Although E(α) is not monoform in
general, the uniformity is enough to define the extension groups.
Since we will extend the definition to an arbitrary abelian category, we use the following con-
vention.
Convention 3.2. Let A be an abelian category. For each α ∈ ASpecA, we fix a monoform object
H ∈ A such that H = α, which is referred to as the fixed representative of α.
Definition 3.3. Let A be an abelian category and α ∈ ASpecA. Let H be the fixed representative
of α.
(1) For an integer i ≥ 0, we define the functor ExtiA(α,−) : A → ModZ that sends each object
N ∈ A to
ExtiA(α,N) := lim−→
06=H′⊂H
ExtiA(H
′, N)
and each morphism in A to the induced one. The direct limit is taken over the direct
system consisting of all nonzero subobjects H ′ ⊂ H , together with the opposite relation of
inclusion of subobjects. Ext0A(α,−) is denoted by HomA(α,−).
(2) The residue field of α is defined to be
k(α) := HomA(α,H).
Remark 3.4. Let G be a Grothendieck category. The functor HomG(α,−) and the residue field
k(α) were defined in terms of the spectral category of G in [Kan15b, Definition 3.5] and the functor
ExtiG(α,−) was introduced as the i-th right derived functor of HomG(α,−), viewed as a functor
G → Modk(α), in [Kan15b, Definition 4.1]. It is shown in [Kan15b, Remarks 3.6 and 4.8] that
those definitions are equivalent to Definition 3.3. In particular, we have the following:
(1) The isomorphism class of the functor ExtiA(α,−) : A → ModZ does not depend on the
choice of the fixed representative H of α.
(2) k(α) has a structure of a skew field, whose multiplication is induced from the composition
of morphisms.
(3) ExtiG(α,N) has a structure of right k(α)-module for each object N ∈ G, and Ext
i
G(α,−)
becomes a functor G → Mod k(α).
(4) The functor HomG(α,−) : G → Mod k(α) is left exact, and Ext
i
G(α,−) : G → Mod k(α) is
the i-th right derived functor of HomG(α,−).
Although G was assumed to be locally noetherian in [Kan15b], the assumption is not necessary for
any of these arguments.
The next two results show that atoms behave like noetherian objects in a locally noetherian
Grothendieck category. These will be used later.
Proposition 3.5. Let G be a locally noetherian Grothendieck category and α ∈ ASpecG. Then
the functor HomG(α,−) : G → Mod k(α) preserves direct limits.
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Proof. Since G be locally noetherian, we can take a nonzero noetherian subobject H of the fixed
representative of α. For every direct system {Mi}i∈I in G, we have canonical isomorphisms
HomG(α, lim−→
i∈I
Mi) ∼= lim−→
06=H′⊂H
HomG(H
′, lim
−→
i∈I
Mi) ∼= lim−→
06=H′⊂H
(
lim
−→
i∈I
HomG(H
′,Mi)
)
∼= lim−→
i∈I
(
lim
−→
06=H′⊂H
HomG(H
′,Mi)
)
∼= lim−→
i∈I
HomG(α,Mi),
where we have the second isomorphism since H ′ is noetherian. 
Proposition 3.6. Let G be a locally noetherian Grothendieck category. Let i ≥ 0 be an integer
and α ∈ ASpecG. Then the functor
ExtiG(α,−) : G → Mod k(α)
commutes with direct limits.
Proof. Since we have Proposition 3.5, this can be shown in a similar way to Proposition 2.6. 
The following is the main result in this section:
Proposition 3.7. Let A be an abelian category and let 0 6= ξ ∈ ExtiA(M,N), where i ≥ 0 is
an integer, M ∈ A is a noetherian object, and N ∈ A is an object. Then there exist subobjects
L′ ( L0 ⊂M and η ∈ Ext
i
A(M/L
′, N) satisfying the following conditions:
(1) L0/L
′ is a monoform object. Let α ∈ ASpecA be the atom represented by it.
(2) For every nonzero subobject L/L′ of L0/L
′, the element η is sent to
• ξ in ExtiA(M,N),
• a nonzero element in ExtiA(L,N), and
• a nonzero element in ExtiA(α,N)
along the commutative diagram
ExtiA(M/L
′, N)
ExtiA(M,N) Ext
i
A(L/L
′, N)
ExtiA(L,N) Ext
i
A(α,N),
where the bottom-right map is induced from an arbitrarily fixed nonzero element of
HomA(α,L/L
′) and the other maps are induced from inclusions and projections.
Proof. We write
F := ExtiA(−, N) : A
op → ModZ and F (α) := ExtiA(α,N).
The functor F is half exact, that is, for every short exact sequence
0→ E′ → E → E′′ → 0
in A, the induced sequence
F (E′)→ F (E)→ F (E′′)
is exact. In this proof, we do not use any other property of the functor F .
Let L′ ⊂ M be a subobject that is maximal among those satisfying the following property:
There exist a subobject L0 ⊂ M with L′ ( L0 and η ∈ F (M/L′) such that η is sent to ξ in
ExtiA(M,N) and a nonzero element ζ0 ∈ F (L0) along the above commutative diagram with L
replaced by L0.
Let L/L′ ⊂ L0/L′ be a nonzero subobject. Assume that the canonical map F (L0) → F (L)
sends ζ0 to zero. Then ξ is sent to zero by the second map of the exact sequence
F (M/L)→ F (M)→ F (L),
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so ξ is an image of some nonzero element of F (M/L). This contradicts the maximality of L0.
Hence ζ0 is sent to a nonzero element in F (L). This means that L also satisfies the requirement
for L0. Since L0/L
′ has a monoform subobject (see Remark 2.9 (4)), we can assume that L0/L
′
itself is a monoform object by replacing L0.
By the commutativity of the diagram in the proposition, η is also sent to a nonzero element ζ ∈
F (L/L′). Let α be the atom represented by L0/L
′ and fix a nonzero element [f ] ∈ HomA(α,L/L′)
represented by f : H → L/L′, where H is a nonzero subobject of the fixed representative of α.
Assume that ζ is sent to the zero element of F (α) by the induced map. By the definition of F (α),
there exists a nonzero subobject H ′ ⊂ H such that ζ is sent to zero by the composite
F (L/L′)→ F (H)→ F (H ′).
Thus η is also sent to a nonzero element of F (H ′). This contradicts what we showed above for
an arbitrary nonzero subobject of L0/L
′. Therefore ζ is sent to a nonzero element of F (α). This
completes the proof. 
Corollary 3.8. Let A be a locally noetherian Grothendieck category or a noetherian abelian cate-
gory.
(1) Let i ≥ 0 be an integer and M,N ∈ A. If ExtiA(M,N) 6= 0, then there exists α ∈ ASuppM
such that ExtiA(α,N) 6= 0.
(2) For every N ∈ A, we have
inj.dimN = sup{ i ≥ 0 | ExtiA(α,N) 6= 0 for some α ∈ ASpecA}.
Therefore
gl.dimA = sup{ i ≥ 0 | ExtiA(α,−) 6= 0 for some α ∈ ASpecA}.
Proof. These are consequences of Propositions 2.5 and 3.7. 
4. Virtual duals of extension groups between atoms
In the previous section, we chased a nonzero extension in ExtiA(M,N) and found a nonzero
element in ExtiA(α,N) for some α ∈ ASuppM . In this section, we take the same approach for
the object N in the second argument. However, instead of the naturally defined extension group
ExtiA(α, β) for atoms α and β, we will use its virtual dual DαExt
i
A(α, β) (see Definition 4.1).
For an abelian category A and α ∈ ASpecA, we define the contravariant functor
Dα := Homk(α)(−, k(α)) : Mod k(α)→ Mod k(α)
op,
where k(α)op is the opposite skew field of k(α).
Definition 4.1. Let A be a abelian category. Let i ≥ 0 be an integer and α, β ∈ ASpecA. Let H
be the fixed representative of β.
(1) Define
ExtiA(α, β) := lim←−
06=H′⊂H
ExtiA(α,H
′),
where the direct limit is taken over all nonzero subobjects H ′ ⊂ H . Ext0A(α, β) is denoted
by HomA(α, β).
(2) Define
DαExt
i
A(α, β) := lim−→
06=H′⊂H
DαExt
i
A(α,H
′).
We call it the virtual dual of ExtiA(α, β).
(3) We say that ExtiA(α, β) is eventually constant (resp. eventually epic) if there exists a
nonzero subobject H ′ ⊂ H such that for any nonzero subobjects H ′2 ⊂ H
′
1 ⊂ H
′, the
canonical map
ExtiA(α,H
′
2)→ Ext
i
A(α,H
′
1)
is bijective (resp. surjective).
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Remark 4.2. In Definition 4.1, ExtiA(α, β) itself is never defined. It only appears as DαExt
i
A(α, β)
as in Definition 4.1 (2) or as a part of the terminologies defined in Definition 4.1 (3).
If ExtiA(α, β) is eventually constant (in the sense of Definition 4.1 (3)), then DαExt
i
A(α, β) =
DαExt
i
A(α, β). However, there is no guarantee that this equality holds in general.
The new notions in Definition 4.1 can easily be computed when i = 0:
Proposition 4.3. Let A be an abelian category and let α, β ∈ ASpecA. Let H be the fixed
representative of β.
(1) For every nonzero subobject H ′ ⊂ H, the canonical map
HomA(α,H
′)→ HomA(α,H)
is an isomorphism of right k(α)-modules.
(2) The canonical map
HomA(α, β)→ HomA(α,H)
is an isomorphism of right k(α)-modules, Ext0A(α, β) is eventually constant, and
DαExt
0
A(α, β) = DαHomA(α, β).
(3) If α 6= β, then HomA(α, β) = 0. If α = β, then we have a canonical isomorphism
HomA(α, α) ∼−→ k(α)
of right k(α)-modules. We identify HomA(α, α) with k(α) in this way.
Proof. (1) follows from [Kan15b, Definition 3.5] (see Remark 3.4) and [Kan15b, Theorem 3.3 (1)]
since every nonzero subobject of a monoform object is an essential subobject. (2) is an immediate
consequence of (1).
(3) If α 6= β, then HomA(α,H
′) = 0 for all nonzero subobjects H ′ ⊂ H by [Kan15b, Proposi-
tion 3.13]. If α = β, then the isomorphism is identical to the one in (2). 
Remark 4.4. Every object in an abelian category A can be regarded as a pro-object in A by
the canonical functor A → ProA in Theorem 2.38 (2). Moreover, for α ∈ ASpecA with fixed
representative H , the inverse system consisting of all nonzero subobjects of H can be regarded as
a pro-object in A, which will be identified with the atom α. Hence Proposition 2.40 gives natural
compositions of extensions for various combinations of atoms and objects listed below. Let i, j ≥ 0
be integers, M,N ∈ A, and α, β, γ ∈ ASpecA. We use the identification in Proposition 4.3 (3).
(1) ExtjA(M,N)× Ext
i
A(α,M)→ Ext
i+j
A (α,N).
(2) ExtjA(β,N) × Ext
i
A(α, β)→ Ext
i+j
A (α,N). Its special case
ExtiA(α,N) × k(α)→ Ext
i
A(α,N)
defines a right k(α)-module structure on ExtiA(α,N), which is the same as the one in
Remark 3.4.
(3) ExtjA(β, γ)× Ext
i
A(α, β)→ Ext
i+j
A (α, γ). Its special cases
ExtiA(α, β) × k(α)→ Ext
i
A(α, β)
and
k(β)× ExtiA(α, β)→ Ext
i
A(α, β)
define a right (k(β)op ⊗Z k(α))-module structure on Ext
i
A(α, β). Moreover, the further
special case
k(α) × k(α)→ k(α)
defines the structure of skew field on k(α), which is the same as the one in Remark 3.4.
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Remark 4.5. Let A be an abelian category. Every simple object S ∈ A is monoform, and
S ∈ ASpecA is canonically isomorphic to S itself as a pro-object in A. The isomorphism S ∼−→ S
induces
ExtiA(S,−)
∼←− ExtiA(S,−) and Ext
i
A(α, S)
∼−→ ExtiA(α, S)
for all integer i ≥ 0 and α ∈ ASpecA.
The next result gives the second half part of the proof of Theorem 1.4:
Proposition 4.6. Let A be an abelian category and let 0 6= ξ ∈ DαExt
i
A(α,N), where i ≥ 0 is an
integer, α ∈ ASpecA, and N ∈ A is a noetherian object. Then there exist subobjects L′ ( L0 ⊂ N
and η ∈ DαExt
i
A(α,N/L
′) satisfying the following conditions:
(1) L0/L
′ is a monoform object. Let β ∈ ASpecA be the atom represented by it.
(2) For every nonzero subobject L/L′ of L0/L
′, the element η is sent to
• ξ in DαExt
i
A(α,N),
• a nonzero element in DαExt
i
A(α,L), and
• a nonzero element in DαExt
i
A(α, β)
along the commutative diagram
DαExt
i
A(α,N/L
′)
DαExt
i
A(α,N) DαExt
i
A(α,L/L
′)
DαExt
i
A(α,L) DαExt
i
A(α, β),
where the bottom-right map is induced from an arbitrarily fixed nonzero element of
HomA(β, L/L
′) and the other maps are induced from inclusions and projections.
Proof. The functor
F := DαExt
i
A(α,−) : A
op → Mod k(α)op
is half exact. Thus the proof of Proposition 3.7 also works for this claim. 
Corollary 4.7 (Theorem 1.4). Let A be a locally noetherian Grothendieck category or a noetherian
abelian category.
(1) Let i ≥ 0 be an integer, α ∈ ASpecA, and N ∈ A. If ExtiA(α,N) 6= 0, then there exists
β ∈ ASuppN such that DαExt
i
A(α, β) 6= 0.
(2) Let i ≥ 0 be an integer and M,N ∈ A. If ExtiA(M,N) 6= 0, then there exist α ∈ ASuppM
and β ∈ ASuppN such that DαExt
i
A(α, β) 6= 0.
(3) We have
gl.dimA = sup{ i ≥ 0 | DαExt
i
A(α, β) 6= 0 for some α, β ∈ ASpecA}.
Proof. These follow from Propositions 3.6 and 4.6 and Corollary 3.8. 
5. Topological properties of atom spectra
In this section, we show some topological properties of atom spectra, which will be used in
section 6. We recall the definition of limit points, and set up some necessary notations:
Definition 5.1. Let X be a topological space and let S ⊂ X be a subset.
(1) A point x ∈ X is called a limit point of S if x belongs to the closure of S \ {x}. The set
of all limit points of S is denoted by L(S).
(2) For an integer i ≥ 0, define the subset Li(S) ⊂ X inductively as follows: L0(S) := S and
Li(S) := L(Li−1(S)) if i ≥ 1.
We prove some elementary results for the convenience of the reader:
Lemma 5.2. Let X be a topological space.
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(1) For every x ∈ X, we have L({x}) = {x} \ {x}.
(2) For subsets S1, S2 ⊂ X, we have L(S1 ∪ S2) = L(S1) ∪ L(S2).
(3) Let U ⊂ X be an open subset and S ⊂ X a subset. Then
(a) U ∩ S ⊂ U ∩ S, and
(b) U ∩ L(S) ⊂ L(U ∩ S).
(4) Let F ⊂ X be a closed subset. Then
L(F ) = F \ { open points of F },
where an open point of F means a point x ∈ F such that {x} is an open subset of the
topological space F .
Proof. (1) If x 6= y ∈ X , then
y ∈ L({x}) ⇐⇒ y ∈ {x} \ {y} ⇐⇒ y ∈ {x}.
By definition, x /∈ L({x}).
(2) Let x ∈ L(S1 ∪ S2). Then
x ∈ (S1 ∪ S2) \ {x} = (S1 \ {x}) ∪ (S2 \ {x}) = S1 \ {x} ∪ S2 \ {x}.
Thus x ∈ L(S1) ∪ L(S2). The other inclusion is obvious.
(3) (a) Let x ∈ U ∩ S and assume x /∈ U ∩ S. Then there exists an open neighborhood V of x
such that V ∩U ∩S = ∅. Since U ∩V is an open neighborhood of x, this means that x /∈ S, which
is a contradiction.
(b) Let x ∈ U ∩ L(S). Then x ∈ U ∩ S \ {x}. By (a),
x ∈ U ∩ (S \ {x}) = (U ∩ S) \ {x}.
This means x ∈ L(U ∩ S).
(4) Let y ∈ L(F ). Then
y ∈ F \ {y} ⊂ F = F.
Thus L(F ) ⊂ F . It immediately follows from the definition that a point in F belongs to L(F ) if
and only if x is not an open point of F . 
Proposition 5.3. Let X be a topological space such that no point in X is a limit point of its
closure, that is,
x /∈ {x} \ {x}
for all x ∈ X. Let S ⊂ X be a subset.
(1) L(S) is a closed subset of X.
(2) L(S) = L(S).
Proof. (1) Assume that there is an element x ∈ L(S) \ L(S). Since x /∈ S \ {x}, there exists an
open neighborhood U of x such that U ∩ (S \ {x}) = ∅, which means U ∩ S ⊂ {x}. Using (1) and
(3) of Lemma 5.2, we obtain
x ∈ U ∩ L(S) ⊂ U ∩ L(S) ⊂ L(U ∩ S) ⊂ L({x}) = {x} \ {x}.
This contradicts the assumption on X . Therefore L(S) = L(S).
(2) Assume that there is an element x ∈ L(S) \ L(S). As in (1), x /∈ L(S) implies that there
exists an open neighborhood U of x such that U ∩ S ⊂ {x}. By Lemma 5.2 (3), we have
x ∈ U ∩ L(S) ⊂ L(U ∩ S) ⊂ L(U ∩ S) ⊂ L({x}).
This contradicts the assumption on X . Therefore L(S) ⊂ L(S). The other inclusion is obvious. 
Remark 5.4. Under the assumptions of Proposition 5.3, Li(S) ⊂ X is a closed subset for all
i ≥ 1. Hence we have
L(S) ⊃ L2(S) ⊃ · · ·
by Lemma 5.2 (4).
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The following result reveals a new topological property that all atom spectra possess:
Proposition 5.5. Let A be an abelian category. Then ASpecA has no point that is a limit point
of its closure.
Proof. Let α ∈ ASpecA and assume α ∈ {α} \ {α}. Let H ∈ A be a monoform object with H = α.
Since ASuppH is an open neighborhood of α, the set
ASuppH ∩ ({α} \ {α})
contains an element β. Since β ∈ ASuppH and β 6= α = H , there exists a nonzero subobject
L ⊂ H such that β ∈ ASupp(H/L). Then β ∈ {α} implies α ∈ ASupp(H/L). This contradicts
the monoformness of H (see [Kan15c, Proposition 2.14]). Therefore α /∈ {α} \ {α}. 
Proposition 5.5 has a remarkable consequence. Hochster showed in [Hoc69, Theorem 6] that
a topological space is homeomorphic to SpecR for some commutative ring R, equipped with the
Zariski topology, if and only if the topological space is a spectral space defined as follows:
Definition 5.6. A topological space X is called a spectral space if the following conditions are
satisfied:
(1) X is a Kolmogorov space.
(2) X is quasi-compact.
(3) Finite intersections of quasi-compact open subsets of X are again quasi-compact.
(4) The quasi-compact open subsets of X form an open basis.
(5) X is sober, that is, every nonempty irreducible closed subset of X has a generic point.
For a spectral space X , its Hochster dual X∗ is defined to be the topological space characterized
as follows:
• The underlying set of X∗ is the same as X .
• The collection of quasi-compact open subsets of X is a closed basis of X∗.
It is shown in [Hoc69, Proposition 8] that the Hochster dual of a spectral space is again a spectral
space. For a commutative noetherian ring R, all open subsets of SpecR with the Zariski topology
are quasi-compact, so the Hochster dual of SpecR is homeomorphic to ASpec(ModR) with the
localizing topology via the bijection in Remark 2.18. Thus ASpec(ModR) is also a spectral space.
The next example shows that there exists a spectral space that is not homeomorphic to the
atom spectrum of any abelian category.
Example 5.7. Define a topological space X by
• X = { xi | i ∈ Z≥0 ∪ {∞} }, where xi’s are pairwise distinct.
• Nonempty open subsets of X are of the form
Uj := { xi | j ≤ i }
for j ∈ Z≥0, where ∞ is larger than any integer. In particular, {x∞} is not open.
This space has the following properties:
(1) X is a noetherian topological space, that is, the open subsets of X satisfy the ascending
chain condition. Hence every subset of X is quasi-compact.
(2) X is a spectral space. Indeed,
X \ Uj = {xj−1}
for all 0 6= j ∈ Z≥0.
(3) L({x∞}) = L(X) = X and L({x∞}) = X \ {x∞}. In particular,
• x∞ ∈ X is a limit point of its closure,
• L({x∞}) is not closed, and
• L({x∞}) 6= L({x∞}).
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All these properties immediately follow from the definition of X .
By the property (3) and Proposition 5.5, we conclude that X is a spectral space that is not
homeomorphic to the atom spectrum of any abelian category (Theorem 1.7). The property (3)
also shows that the assumption of Proposition 5.3 cannot be removed.
6. Topological observation on extension groups between atoms
The behavior of extension groups ExtiA(α, β) between atoms are more difficult to understand
than its virtual dual since it is defined as inverse limits (see Remark 6.3). In this section, we will
find a situation where ExtiA(α, β) is eventually constant, in which case we do not have to take the
inverse limit to define ExtiA(α, β).
Definition 6.1. Let A be an abelian category. Let i ≥ 0 be an integer and α ∈ ASpecA. Define
Epii(α) := {β ∈ ASpecA | Ext
i
A(α, β) is eventually epic and DαExt
i
A(α, β) 6= 0 }.
and
Consti(α) := { β ∈ ASpecA | Ext
i
A(α, β) is eventually constant and Ext
i
A(α, β) 6= 0 }.
By using a similar approach to Proposition 3.7, we obtain the following result:
Proposition 6.2. Let A be an abelian category. Let i ≥ 0 be an integer, α ∈ ASpecA, and N ∈ A
a noetherian object. If ExtiA(α,N) 6= 0, then there exists β ∈ ASuppN such that Ext
i
A(α, β) is
eventually epic and DαExt
i
A(α, β) 6= 0, that is,
ASuppN ∩ Epii(α) 6= ∅.
Proof. Let L′ ⊂ N be a subobject that is maximal among those admitting a subobject L/L′ ⊂
M/L′ with ExtiA(α,L/L
′) 6= 0. Let L2/L′ ⊂ L1/L′ be nonzero subobjects of L/L′. Since we have
an exact sequence
ExtiA(α,L2/L
′)→ ExtiA(α,L1/L
′)→ ExtiA(α,L1/L2)
and the last term is zero by the maximality of L′, the first map is surjective. In particular, by
setting L1 = L, we have Ext
i
A(α,L2/L
′) 6= 0, which means that arbitrary nonzero subobject L2/L′
of L/L′ also satisfies the requirement of L/L′. Since L/L′ has a monoform subobject, we can
assume that L/L′ itself is a monoform object. Let β ∈ ASpecA be the atom represented by it.
Then β ∈ ASuppN , and the surjectivity mentioned above shows that β ∈ Epii(α). 
Remark 6.3. In general, a direct system of nonzero right modules over a ring whose structure
morphisms are injective has nonzero direct limit. Hence, if ExtiA(α, β) is eventually epic in the
setting of Definition 6.1, then DαExt
i
A(α, β) 6= 0 unless Ext
i
A(α, β) is eventually constant and the
constant value is zero.
However, we do not know whether β ∈ Epii(α) implies that Ext
i
A(α, β) 6= 0. It is shown in
[HS54, section 3] that there is an example of an inverse system of nonzero vector spaces over a
field such that all structure morphisms are surjective but the inverse limit is zero.
For this reason, we focus on the case where ExtiA(α, β) is eventually constant. The following
result is the key to the subsequent observations:
Theorem 6.4. Let A be an abelian category that admits a generating set consisting of noetherian
objects. Let α ∈ ASpecA.
(1) Epi0(α) = Const0(α) = {α}.
(2) For every integer i ≥ 1, we have Epii(α) ⊂ Consti(α) ∪ L(Epii−1(α)).
(3) Consequently, we have
Epii(α) ⊂
i⋃
j=0
Lj(Consti−j(α))
for all integers i ≥ 0.
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Proof. (1) This follows from Proposition 4.3.
(2) Let β ∈ Epii(α)\Consti(α) and let Φ ⊂ ASpecA be an open neighborhood of β. Then there
exists a noetherian monoform objectH ∈ A such thatH = α and ASuppH ⊂ Φ (Remark 2.16 (1)).
By the assumption on β, there exist nonzero subobjects H2 ⊂ H1 ⊂ H such that the canonical
map ExtiA(α,H2)→ Ext
i
A(α,H1) is surjective but not bijective. Since we have an exact sequence
Exti−1A (α,H1/H2)→ Ext
i
A(α,H2)→ Ext
i
A(α,H1),
it follows that Exti−1A (α,H1/H2) 6= 0. Hence Proposition 6.2 implies that
∅ 6= ASupp(H1/H2) ∩ Epii−1(α) ⊂ ASuppH ∩ Epii−1(α) ⊂ Φ ∩ Epii−1(α).
Since H is monoform, ASupp(H1/H2) does not contain α (see [Kan15c, Proposition 2.14]). There-
fore β ∈ L(Epii−1(α)).
(3) Using (2) and Lemma 5.2 (2) repeatedly, we have
Epii(α) ⊂ Consti(α) ∪ L(Epii−1(α))
⊂ Consti(α) ∪ L(Consti−1(α)) ∪ L
2(Epii−2(α))
⊂ · · · ⊂ Consti(α) ∪ L(Consti−1(α)) ∪ · · · ∪ L
i(Epi0(α)).
Thus the claim follows from (1). 
Corollary 6.5. Let A be an abelian category that admits a generating set consisting of noetherian
objects. Let i ≥ 0 be an integer, α ∈ ASpec G, and N ∈ G a object. If ExtiG(α,N) 6= 0, then there
exists β ∈ ASuppN such that
β ∈
i⋃
j=0
Lj(Consti−j(α)).
Proof. By Proposition 3.6, we can assume that N is a noetherian object. Thus the claim follows
from Proposition 6.2 and Theorem 6.4. 
In the case where i = 1, the conclusion of Corollary 6.5 becomes significantly simple:
Corollary 6.6. Let A be an abelian category that admits a generating set consisting of noetherian
objects. Let α ∈ ASpecG and N ∈ G an object. If Ext1G(α,N) 6= 0, then either ASuppN ∩
Const1(α) 6= ∅ or α ∈ ASuppN .
Proof. By Corollary 6.5, we have
ASuppN ∩ Const1(α) 6= ∅ or ASuppN ∩ L(Const0(α)) 6= ∅.
Assume that the latter assertion holds. By Theorem 6.4 (1) and Lemma 5.2 (1),
L(Const0(α)) = L({α}) = {α} \ {α}.
Hence ASuppN ∩ {α} 6= ∅. Since ASuppN is an open subset of ASpecA, we have α ∈ ASuppN .

In the rest of this section, we will interpret Corollary 6.5 using the Krull-Gabriel dimension of
an abelian category, and evaluate the difference of the following two invariants defined for atoms:
Definition 6.7. Let A be an abelian category and let α ∈ ASpecA.
(1) Define the projective dimension of α to be
proj.dimα := sup{ i ≥ 0 | ExtiA(α,−) 6= 0 },
where ExtiA(α,−) is regarded as a functor A → Mod k(α).
(2) Define
c.proj.dimα := sup{ i ≥ 0 | Consti(α) 6= ∅ }.
Lemma 6.8. Let A be a locally noetherian Grothendieck category or a noetherian abelian category.
Let Ψ ⊂ ASpecA be a subset. If all atoms in Ψ have Krull-Gabriel dimensions at least i, where
i ≥ 0 is an integer, then all atoms in L(Ψ) have Krull-Gabriel dimensions at least i+ 1.
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Proof. Let X := ASpecA and use the notation in Definition 2.30. Since Xi is the set of all atoms
whose Krull-Gabriel dimensions are at most i, it suffices to prove that L(X \Xi−1) ⊂ X \Xi. By
definition, Xi−1 ⊂ X is an open subset. Hence by Lemma 5.2 (4),
L(X \Xi−1) = (X \Xi−1) \ { open points of X \Xi−1 }
= (X \Xi−1) \ (Xi \Xi−1)
= X \Xi. 
Theorem 6.9 (Theorem 1.6). Let A be a locally noetherian Grothendieck category or a noetherian
abelian category. For every α ∈ ASpecA, we have
proj.dimα ≤ c.proj.dimα+KGdimA.
Proof. Let i be an integer such that ExtiA(α,N) 6= 0 for some objectN ∈ A. It suffices to show that
i is less than or equal to the right-hand side of the formula. By Corollary 6.5, Lj(Consti−j(α)) 6= ∅
for some integer 0 ≤ j ≤ i. Set d := KGdimA. Then by Lemma 6.8, there exists β ∈ Consti−j(α)
with KGdimβ ≤ d− j. In particular, c.proj.dimα ≥ i− j. Hence
c.proj.dimα+KGdimA ≥ (i− j) + d ≥ i+KGdimβ ≥ i. 
7. Localizing subcategories closed under injective envelopes
Although extension groups between atoms are not easy to control in general, the first extension
groups have quite nice property described in Corollary 6.6. This allows us to determine which
localizing subcategories of a locally noetherian Grothendieck category are closed under injective
envelopes, in terms of extension groups between atoms.
For every object M in a Grothendieck category G, its injective envelope E(M) is an essential
extension foM . On the other hand, every essential extension ofM is isomorphic to some subobject
of E(M). Thus, a localizing subcategory of G is closed under injective envelopes if and only if it is
closed under essential extensions. We state the next result using essential extensions since it also
makes sense for noetherian abelian categories.
Lemma 7.1. Let A be a locally noetherian Grothendieck category or a noetherian abelian category.
Let Φ ⊂ ASpecA be an open subset. Then the following conditions are equivalent:
(1) ASupp−1 Φ is closed under essential extensions.
(2) Ext1A(α,N) = 0 for all α ∈ ASpecA \ Φ and N ∈ ASupp
−1 Φ.
(3) DαExt
1
A(α, β) = 0 for all α ∈ ASpecA \ Φ and β ∈ Φ.
(4) Ext1A(α, β) = 0 for all α ∈ ASpecA \ Φ and β ∈ Φ.
(5) Const1(α) ∩ Φ = ∅ for all α ∈ ASpecA \ Φ.
Proof. (1)⇒(2): Assume that Ext1A(α,N) 6= 0 for some α ∈ ASpecA\Φ and N ∈ ASupp
−1 Φ. Let
0→ N → E → H → 0
be the extension corresponding to an element ξ ∈ Ext1A(H,N) that defines a nonzero element of
Ext1A(α,N), where H ∈ A is a nonzero subobject of the fixed representative of α. We regard N
as a subobject of E. If N ⊂ E is not essential, then there exists a nonzero subobject N ′ ⊂ E such
that N ∩N ′ = 0. Let E′ := N ⊕N ′ ⊂ E and H ′ := E′/N ∼= N ′. The element of ξ ∈ Ext1A(H,N)
is sent to the element of Ext1A(H
′, N) corresponding to the split exact sequence
0→ N → E′ → H ′ → 0.
This contradicts to that ξ defines a nonzero element of Ext1A(α,N). Hence N ⊂ E is an essential
subobject. Since α /∈ Φ, the quotient H = E/N does not belong to ASupp−1 Φ. Thus ASupp−1 Φ
is not closed under essential extensions.
(2)⇒(3),(4): Assume (2) and let α ∈ ASpecA \ Φ and β ∈ Φ. Since Φ is open, there exists a
monoform object H ∈ A such that H = β and ASuppH ⊂ Φ (Remark 2.16 (1)). For every nonzero
subobject H ′ ⊂ H , we have Ext1A(α,H
′) = 0 by (2). Hence DαExt
1
A(α, β) = 0 and Ext
1
A(α, β) = 0.
(3)⇒(5) and (4)⇒(5) are obvious.
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(5)⇒(1): Assume that ASupp−1 Φ is not closed under essential extensions. Then there exist an
object N ∈ A and an essential subobject N ⊂ E such that N ∈ ASupp−1 Φ and E /∈ ASupp−1 Φ.
By replacing N , we can assume that N is the largest subobject of E among those belonging to
ASupp−1 Φ. Indeed, if A is a locally noetherian Grothendieck category, then ASupp−1 Φ is a
localizing subcategory, and in particular, it is closed under arbitrary sums of subobjects. If A
is a noetherian abelian category, then ASupp−1 Φ is closed under finite sums of subobjects and
the noetherianity of E ensures the existence of such N . By replacing E by its suitable subobject
containing N , we can also assume that H := E/N is monoform. Since ASupp−1 Φ is closed under
extensions, no nonzero subobject of H belongs to ASupp−1 Φ by the maximality of N . Thus
α := H /∈ Φ. For every nonzero subobject H ′ = E′/N of H = E/N , the element of Ext1A(H,N)
corresponding to the short exact sequence
0→ N →֒ E ։ H → 0
is sent to the element of Ext1A(H
′, N) corresponding to the nonsplit short exact sequence
0→ N →֒ E′ ։ H ′ → 0
by the map induced from the inclusion H ′ →֒ H . This means that these element define a nonzero
element of Ext1A(α,N). By Corollary 6.6, there exists α ∈ ASuppM such that either ASuppN ∩
Const1(α) 6= ∅ or α ∈ ASuppN . Since α /∈ Φ and ASuppN ⊂ Φ, the latter one does not hold, and
Const1(α) ∩ Φ 6= ∅. 
Theorem 7.2 (Theorem 1.3).
(1) Let G be a locally noetherian Grothendieck category. Then the bijection in Theorem 2.23
(1) induces an order-preserving bijective correspondence between
• localizing subcategories of G that are closed under injective envelopes, and
• open subsets Φ of ASpecG with Ext1A(α, β) = 0 for all α ∈ ASpecA \ Φ and β ∈ Φ.
(2) Let A be a noetherian abelian category. Then the bijection in Theorem 2.23 (2) induces
an order-preserving bijective correspondence between
• Serre subcategories of A that are closed under essential extensions, and
• open subsets Φ of ASpecA with Ext1A(α, β) = 0 for all α ∈ ASpecA \ Φ and β ∈ Φ.
Proof. These follow from Theorem 2.23 and Lemma 7.1. 
Example 7.3. Consider G := ModZ k[x] as in Remark 2.34. We compute Ext1G(α, β) for all
α, β ∈ ASpecG.
Let α = k[x]. Since every nonzero subobject H ⊂ k[x] is of the form k[x](j) for some integer
j ≤ 0, it is projective, and hence Ext1G(H,−) = 0. Thus, for all β ∈ ASpecG, Ext
1
G(k[x], β) is
eventually constant and Ext1G(k[x], β) = 0.
Let α = S(i) for some i ∈ Z and β = k[x]. For all integers j ≤ i−2, we have Ext1G(S(i), k[x](j)) =
0. Indeed, if we have an extension
0→ k[x](j)→ E → S(i)→ 0,
then E−i = k = E−j and E−i+1 = 0. Since k[x] is generated in degree 1 as a k-algebra, the
extension splits. Therefore Ext1G(S(i), k[x]) is eventually constant and Ext
1
G(S(i), k[x]) = 0.
Let α = S(i) and β = S(j) for some i, j ∈ Z. Since these atoms are represented by simple
objects, Ext1G(S(i), S(j)) is eventually constant, and
Ext1G(S(i), S(j))
∼−→ Ext1G(S(i), S(j))
∼=
{
k if j = i− 1,
0 otherwise.
To summarize, Ext1G(α, β) are eventually constant for all α, β ∈ ASpecG, and
Ext1G(α, β)
∼=
{
k if α = S(i) and β = S(i− 1) for some i ∈ Z,
0 otherwise.
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We described all open subsets of ASpecG in Remark 2.34. Among them, those satisfying the
conditions in Lemma 7.1 are
• the empty set,
• {S(i) | i0 ≤ i }, where i0 ∈ Z, and
• ASpec G itself.
Therefore, by Theorem 7.2, all localizing subcategories of ModZ k[x] closed under injective en-
velopes are
• the zero subcategory,
• {M ∈ ModZ k[x] |Mi = 0 for all i > i0 }, where i0 ∈ Z, and
• ModZ k[x] itself,
and all Serre subcategories of modZ k[x] closed under essential extensions are
• the zero subcategory,
• {M ∈ modZ k[x] |Mi = 0 for all i > i0 }, where i0 ∈ Z, and
• modZ k[x] itself,
Remark 7.4. Let Λ be a finite dimensional algebra Λ over an algebraically closed field k. Since Λ
is right (and left) artinian ring, all atoms in ModΛ are represented by simple objects and we have
a canonical bijection between ASpec(ModΛ) and the set of isomorphism classes of simple right
Λ-modules ([Kan12, Proposition 8.2]).
It is known that ModΛ ∼= ModΛ′ as a k-linear abelian category for some basic finite dimensional
k-algebra Λ′ ([ASS06, Corollary I.6.10]). Assume that Λ itself is a basic algebra. Then we have an
isomorphism Λ ∼= kQ/I of k-algebras, whereQ is the Gabriel quiver of Λ and I is an admissible ideal
of kQ ([ASS06, Theorem II.3.7]). There is a canonical bijection between the set of isomorphism
classes of simple right Λ-modules and the set of vertices of Q ([ASS06, Lemma III.2.1 (b)]). Let
S(i) and S(j) be the simple right Λ-modules corresponding to vertices i and j in Q, respectively.
By Remark 4.5, the first extension group is
Ext1Λ(S(i), S(j))
∼−→ Ext1Λ(S(i), S(j))
and its dimension over k is equal to the number of arrows i→ j in the Gabriel quiver Q ([ASS06,
Lemma III.2.12 (b)]).
8. The case of noetherian algebras
In this section, we will describe the extension groups between atoms for noetherian algebras.
Let R be a commutative noetherian ring. A noetherian R-algebra means a ring that contains R
as a subring and is finitely generated as an R-module.
For a noetherian R-algebra Λ, the set of prime (two-sided) ideals of Λ is denoted by SpecΛ.
Recall that for each P ∈ SpecΛ, the intersection P ∩R is a prime ideal of R. For every p ∈ SpecR,
the localization Λp is a noetherian Rp-algebra.
For M ∈ ModΛ, we denote by AssΛM the set of associated primes of M , that is, P ∈ SpecΛ
belongs to AssΛM if and only if there exists a nonzero Λ-submodule L ⊂M such that AnnΛ L′ = P
for all nonzero Λ-submodules L′ ⊂ L.
The atom spectrum of ModΛ and its structure can be described in terms of the prime ideals:
Proposition 8.1. Let Λ be a noetherian R-algebra.
(1) There is a bijection
SpecΛ ∼−→ ASpec(ModΛ)
that sends P ∈ SpecΛ to P˜ ∈ ASpec(ModΛ) characterized by AAss(Λ/P ) = {P˜}.
(2) For every M ∈ModΛ, the bijection in (1) induces a bijection AssΛM ∼−→ AAssM .
(3) For every P ∈ SpecΛ, the bijection in (1) induces a bijection
{Q ∈ SpecΛ | P ⊂ Q } ∼−→ ASupp(Λ/P ),
and ASupp(Λ/P ) is the smallest open subset of ASpec(ModΛ) containing P˜ .
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(4) The bijection in (1) is an isomorphism of partially ordered sets:
(SpecΛ,⊂) ∼−→ (ASpec(ModΛ),≤).
Proof. (1) and (2) are shown in [Kan15b, Theorem 7.2].
(3) Let Q ∈ SpecΛ and assume P ⊂ Q. Since we have the canonical surjection Λ/P ։ Λ/Q,
ASupp
Λ
P
⊃ ASupp
Λ
Q
⊃ AAss
Λ
Q
= {Q˜}.
Thus Q˜ ∈ ASupp(Λ/P ).
Conversely, if Q˜ ∈ ASupp(Λ/P ), then there exists a monoform subquotient H of Λ/P such that
H = Q˜. Since Q˜ ∈ AAssH , (2) implies Q ∈ AssΛH . By [GN02, Lemma 2.5.1], there exists a
Λ-monomorphism Λ/Q→ H⊕n for some integer n ≥ 1. Hence Λ/Q is isomorphic to a subquotient
of (Λ/P )⊕n, and it implies that Λ/Q is annihilated by P . Therefore P ⊂ Q.
If Φ ⊂ ASpec(ModΛ) is an open subset containing P˜ , then there exists a monoform right Λ-
module H such that H = P˜ and ASuppH ⊂ Φ (Remark 2.16 (1)). The same argument as above
using [GN02, Lemma 2.5.1] shows that there exists a Λ-monomorphism Λ/P → H⊕m for some
integer m ≥ 1. Hence
ASupp
Λ
P
⊂ ASuppH⊕m = ASuppH ⊂ Φ.
This completes the proof.
(4) This follows from (3). 
We define the modules S(P ) and recall some basic properties, which will be used to describe
the extension groups between atoms.
Definition 8.2. Let Λ be a noetherian R-algebra and let P ∈ SpecΛ.
(1) Define I(P ) ∈ModΛ to be the injective envelope E(P˜ ) of P˜ ∈ ASpec(ModΛ).
(2) Define a Λ-submodule S(P ) ⊂ I(P ) by
S(P ) := { x ∈ I(P ) | xP = 0 }.
Proposition 8.3. Let Λ be a noetherian R-algebra. Let P ∈ SpecΛ and p := P ∩R.
(1) The canonical maps I(P ) → I(P )p and S(P ) → S(P )p are isomorphisms of right Λ-
modules. Thus I(P ) and S(P ) can also be regarded as right Λp-modules.
(2) S(P ) is a monoform Λ-submodule of I(P ).
(3) S(P ) is a unique simple Λp-submodule of I(P ).
(4) For every nonzero Λ-submodule H ⊂ S(P ), we have Hp = S(P ).
Proof. [Kan15b, Lemma 7.9] shows that S(P ) defined in Definition 8.2 is isomorphic to S(P )
defined in the paragraph before [Kan15b, Theorem 7.6], which is a simple right Λp-module. (1)
and (3) are shown in the proof of [Kan15b, Proposition 7.8].
(4) Since S(P ) is a right Λp-module, Hp is a nonzero Λp-submodule of S(P ). Thus Hp = S(P )
by (3).
(2) Let 0 6= L′ ⊂ L ⊂ S(P ) be Λ-submodules. Then by (4), (S(P )/L)p = 0 and (L′/L)p = 0.
Thus, again by (4), L′/L is not isomorphic to any nonzero Λ-submodule of S(P ). This means that
S(P ) is a monoform right Λ-module. 
Convention 8.4. For a noetherian R-algebra Λ and P ∈ SpecΛ, we always take S(P ) as the fixed
representative of P˜ ∈ ASpec(ModΛ) for simplicity.
Proposition 8.5. Let Λ be a noetherian R-algebra. Let P ∈ SpecΛ and p := P ∩R.
(1) For every integer i ≥ 0, there is an isomorphism
ExtiΛ(P˜ ,−) = lim−→
06=H⊂S(P )
ExtiΛ(H,−)
∼−→ ExtiΛp(S(P ), (−)p)
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of functors (ModΛ)op → ModZ, induced from
ExtiΛ(H,−)
(−)p
−−−→ ExtiΛp(Hp, (−)p)
∼−→ ExtiΛp(S(P ), (−)p)
for nonzero monoform Λ-submodules H ⊂ S(P ).
(2) There is an isomorphism
k(P˜ ) = HomΛ(P˜ , S(P )) ∼−→ EndΛp(S(P ))
of skew fields, which is the isomorphism of (1) applied to S(P ).
We identify k(P˜ ) with EndΛp(S(P )) using this isomorphism. The isomorphism in (1)
can be regarded as that of functors (ModΛ)op → Mod k(P˜ ).
Proof. [Kan15b, Proposition 7.8 and Theorem 7.10 (1)]. 
Theorem 8.6 (Theorem 1.5). Let Λ be a noetherian R-algebra. Let i ≥ 0 be an integer and
P,Q ∈ SpecΛ.
(1) If P ∩R = Q∩R =: p, then ExtiΛ(P˜ , Q˜) is eventually constant, and there is an isomorphism
ExtiΛ(P˜ , Q˜)
∼−→ ExtiΛp(S(P ), S(Q))
of right (k(Q˜)op ⊗R k(P˜ ))-modules, induced from the isomorphism in Proposition 8.5 (1).
(2) If P ∩R 6= Q ∩R, then
ExtiΛ(P˜ , Q˜) = 0 and DP˜ Ext
i
Λ(P˜ , Q˜) = 0.
In particular, Q˜ /∈ Epii(P˜ ) and Q˜ /∈ Consti(P˜ ).
Proof. (1) Let H ⊂ S(Q) be a nonzero Λ-submodule. Then by Proposition 8.5, we have the
isomorphisms
ExtiΛ(P˜ ,H)
∼−→ ExtiΛp(S(P ), Hp)
∼−→ ExtiΛp(S(P ), S(Q))
of right k(P˜ )-modules. Thus we obtain the eventual constancy and the desired isomorphism of
right k(P˜ )-modules. It is straightforward to see that it is also an isomorphism of left k(Q˜)-modules.
(2) Set p := P ∩R and q := Q ∩R. Let H ⊂ S(Q) be a nonzero Λ-submodule.
Assume q 6⊂ p and take a ∈ q \ p. Then S(Q)Q = 0 and a ∈ Q imply Hpa = 0. Since a is
invertible in Λp, we have Hp = 0. Thus Ext
i
Λ(P˜ ,H) = Ext
i
Λp
(S(P ), Hp) = 0 and the claims follow.
Assume p 6⊂ q and take b ∈ p \ q. Since b is invertible in Λq, it acts bijectively on S(Q) and
injectively on H . Thus the multiplication of b is factorized as H ∼−→ Hb →֒ H and induces a
commutative diagram
ExtiΛp(S(P ), Hp) Ext
i
Λp
(S(P ), Hp).
ExtiΛp(S(P ), (Hb)p)
∼=
·b
f
Since b annihilates S(P ), the horizontal map is zero. So the map f , induced from the inclusion
Hb →֒ H , is also zero. This shows the desired claims. 
Corollary 8.7. Let R be a commutative noetherian ring. Let i ≥ 0 be an integer and p, q ∈ SpecR.
Then
ExtiΛ(p˜, q˜)
∼=
{
ExtiΛp(k(p), k(p)) if p = q,
0 if p 6= q.
If p = q, then ExtiΛ(p˜, p˜) is eventually constant.
Proof. Apply Theorem 8.6 to Λ = R. For every p ∈ SpecR, S(p) is a simple Rp-module. Thus it
is isomorphic to the residue field k(p) := Rp/pRp. 
Consequently, we recover the following result of Gabriel:
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Corollary 8.8 (Gabriel [Gab62, Proposition 10 in p. 428]). Let R be a commutative noetherian
ring.
(1) Every localizing subcategory of ModR is closed under injective envelopes.
(2) Every Serre subcategory of modR is closed under essential extensions.
Proof. The claims follow from Theorem 7.2 and Corollary 8.7. 
Example 8.9. Let R be a commutative noetherian ring and consider the noetherian R-algebra
Λ :=
(
R 0
R R
)
as in [Kan15b, Example 7.11]. We keep all notations used there. All prime ideals of Λ are of the
form Pi(p) with i = 1, 2 and p ∈ SpecR, where
P1(p) =
(
p 0
R R
)
and P2(p) =
(
R 0
R p
)
.
By Proposition 8.1,
ASpec(ModΛ) = X1 ∐X2,
where the right-hand side is the disjoint union of the two topological spaces
Xi := { P˜i(p) | p ∈ SpecR },
and there are homeomorphisms fi : ASpec(ModR) ∼−→ Xi given by R/p 7→ P˜i(p). By Theo-
rem 2.23, all localizing subcategories of ModΛ are of the form
ASupp−1(f1(Φ1) ∪ f2(Φ2)), (8.1)
where Φi are open subsets of ASpec(ModR).
By Theorem 8.6, the first extension groups between atoms are described as:
Ext1Λ(P˜i(p), P˜j(q)) = 0 if p 6= q
and
Ext1Λ(P˜i(p), P˜j(p))
∼= Ext1Λp(Si(p), Sj(p))
∼=

Ext1Rp(k(p), k(p)) if i = j,
HomRp(k(p), k(p))
∼= k(p) if i = 2 and j = 1,
0 if i = 1 and j = 2.
Therefore, by Lemma 7.1, the localizing subcategory of the form (8.1) is closed under injective
envelopes if and only if Φ1 ⊂ Φ2.
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